In the present paper we use the expansion formula of the polylogarithm function to construct approximations of the Caputo derivative which are related to the midpoint approximation of the integral in the definition of the Caputo derivative. The asymptotic expansion formula of the Riemann sum approximation of the beta function and the first terms of the expansion formulas of the approximations of the Caputo derivative of the power function are obtained in the paper. The induced shifted approximations of the Grünwald formula and the approximations of the Caputo derivative studied in the first part of the paper are constructed and applied for numerical solution of fractional differential equations. MSC 2010 : 65D30, 26A33, 34A08, 42A38, 65D32.
Introduction
The finite difference schemes for numerical solution of ordinary and partial fractional differential equations (FDEs) involve approximations of the fractional derivatives. The fractional integral of order α > 0 and the Caputo fractional derivative of order α, where 0 < α < 1 are defined as
α−1 y(x)dx,
(1.1)
The Caputo derivative of the exponential function is expressed with the Mittag-Leffler function as D α e t = t 1−α E 1,2−α (t). The Caputo derivatives of the sine and cosine functions satisfy D α sin t = t 1−α E 2,2−α −t 2 , D α cos t = −t 2−α E 2,3−α −t 2 .
Let h = t/n, where n is a positive integer, and t m = mh, y m = y(t m ). The L1 approximation for the Caputo derivative is a commonly used approximation for numerical solution of fractional differential equations [7, 18, 24] .
where σ 
where C 1 = α(α − 1) and C 2 = α − 1. When the function y ∈ C 2 [0, t n ], the L1 approximation of the Caputo derivative has an order 2 − α ( [22] ). The L1 approximation is constructed by using a linear interpolation of the integrand function on all subintervals [t m−1 , t m ]. Approximations of fractional integrals and derivatives is an active research field. Higher order approximations of the fractional derivative which use a Lagrange polynomial or spline interpolation of the integrand function are studied by Odibat [25] , Li, Chen and Ye [20] , Sousa [30] , Chen and Deng [3] , Gao, Sun and Zhang [15] , Yan, Pal and Ford [37] , Alikhanov [2] , Li, Cao and Li [21] , Kumar, Pandey and Sharma [19] . Algorithms for computation of the Caputo derivative in O(N ln 2 N ) time are studied by Jiang et al. [17] , Yan, Sun and Zhang [38] , Ren, Mao and Zhang [27] . The two-term equation is a basic ordinary FDE. When 0 < α < 1 the two-term FDE is called fractional relaxation equation. 
is an approximation of the Caputo derivative. The numerical solution of the two term equation (1.4) of order β(α), which uses approximation (*) of the Caputo derivative is computed with u 0 = y 0 and [7, 9, 11] u n = 1
In the first part of the paper [9] we study the numerical solutions of the two-term equations y (α) (t) + y(t) = 1 + t + t 2 + t 3 + t 4 + t 1−α Γ(2 − α) (1.5)
, y(0) = 1, y (α) (t) + y(t) = e t + t 1−α E 1,2−α (t), y(0) = 1, (1.6) y (α) (t) + y(t) = cos(2πt) − 4π 2 t 1−α E 2,3−α (−4π 2 t 2 ), y(0) = 1.
(1.7)
Two-term equations (1.5), (1.6), (1.7) have the solutions y(t) = 1 + t + t 2 + t 3 + t 4 , y(t) = e t , y(t) = cos(2πt). The numerical results for the error and the order of numerical solution NS1(1.2), which uses the L1 approximation of the Caputo derivative of two-term equation ( and the expansion formulas of the approximations of the fractional integrals and derivatives involve the values of the zeta function. In [7, 8] we use the formula for sum of powers to derive the expansion formula of the L1 approximation
and a second-order approximation for the Caputo derivative by modifying the first three weights of the L1 approximation with the value of the zeta function ζ(α − 1). The Riemann zeta function is a special case (t = 1) of the polylogarithm function defined as Li α (t) = ∞ n=1 t n n α = t + t 2 2 α + · · · + t n n α + · · · (|t| < 1).
The polylogarithm function has properties
Li α (t) + Li α (−t) = 2 1−α Li α (t 2 ), (1.10)
where α = 1, 2, 3, · · · and | ln t| < 2π. From (1.11) with t = e iωh we obtain
Li α e iwh = Γ(1−α)(−iw) α−1 h α−1 + ζ(α) − (−iw)ζ(α − 1)h (1.12)
In [9] we use (1.12) to obtain approximations of the Caputo derivative and their expansion formulas: Approximation (1.13) has an order 2 − α when the function y(t) ∈ C 2 [0, t n ] and satisfies the condition y(0) = y ′ (0) = 0. The approximation is extended to all functions of the class C 2 [0, t n ] by applying a modification of the last two weights σ 14) where σ
and modified weights σ
The exponential Fourier transform of the function y is defined as
The Fourier transform has properties F[y(t − b)](w) = e iwbŷ (w) and
The generating function and the expansion formulas of an approximation are related to the Fourier transform of the approximation. Approximations for the Caputo derivative, constructed from the properties of the Fourier transform and the generating function of the approximation, are studied by Tadjeran, Meerschaert and Scheffer [31] , Tian, Zhou and Deng [32] , Ding and Li [12, 13] , Dimitrov [9] , Ren and Wang [28] . In section 3 we use Fourier transform and (1.12) to construct approximations of the Caputo derivative and their expansion formulas which are related to the midpoint approximation of the fractional integral (1.1) in the definition of the Caputo derivtive.
where
and modified weights σ 
where σ (α) k are the weights of approximation (1.15). The L1 approximation (1.2) and approximations (1.13), (1.14), (1.15) have an order 2 − α and their weights satisfy (1.3). The properties of the weights are used in the proofs for the convergence of the numerical solutions as well as to determine and improve the accuracy of the approximations when n is small. The accuracy of the numerical solutions of order 2 − α which use approximations (1.2),(1.13),(1.14) and (1.15) for the Caputo derivative depends on the truncations error of the approximations and the absolute value of the coefficient C(α) of the term C(α)y ′′ (t)h 2−α in the asymptotic expansion formulas. Approximations (1.2),(1.13),(1.14) and (1.15) have coefficients The absolute values of the coefficients C 14 (α) and C 15 (α) are smaller than the absolute value |C 1 (α)| of the coefficient of the L1 approximation and |C 13 (α)| > |C 1 (α)| (Figure 1 ). In the first part of this paper [9] we show that the errors of numerical solution NS1(1.14) of two-term equations (1.5), (1.6) and (1.7) are smaller than the errors of numerical solution NS1(1.2), while the corresponding errors of numerical solution NS1(1.13) are larger. The same pattern is observed when we compare the accuracy of numerical solution NS1(1.15) to the accuracy of numerical solutions NS1(1.2) and NS1(1.13) for standard FDEs. The errors of numerical solution NS(1.15) of equations (1.5), (1.6) and (1.7) are smaller than the errors of numerical solution NS1(1.2), which uses the L1 approximation of the Caputo derivative (Table 1 and Table 3 ). In section 4 we construct a finite difference scheme for numerical solution of the fractional subdiffusion equation, which uses approximation (1.15) of the Caputo derivative and we analyze the convergence of the scheme. In section 5 we derive the expansion formula of the Riemann sum approximation of the beta function and the asymptotic expansion formula
The Grüwald formula approximation of the Caputo derivative has a right endpoint expansion:
where B (β) (t) are the generalized Bernoulli polynomials. When y(0) = 0 the Grünwald formula approximates the Caputo derivative with a first order accuracy. The Grünwald formula is a second order approximation of the Caputo derivative with a shift parameter s = S 0 (α) = α/2, when the function y(t) satisfies y(0) = y ′ (0) = 0. Tian, Zhou and Deng [32] construct a class of second order shifted Grünwald difference (WSGD) approximations. The consruction of the WSGD operators uses a weighted average of shifted Grünwald formula approximations. Alekhanov [2] constructs a shifted approximation of the Caputo derivative of order 2 − α. The approximation is called L2-1 s formula and has an optimal shift value s = α/2 (in the notations of this paper), where the approximation has an order 3 − α. In [10] we construct shifted approximations of order 2 − α and two which have a shift parameter s = α/2. In section 5 and section 6 we use (1.17) to show that the first term of the left endpoint expansions of approximations (1.2), (1.13), (1.14), (1.15) and the shifted Grünwald formula approximation of the power function t β is Ch 1+β , where C = ζ(−β)t −1−α /Γ(−α). In section 6 we extend the method from [10] and we construct the induced shifted approximations of the Caputo derivative of approximations (1.2), (1.13), (1.14), (1.15) and the Grünwald formula approximation. The induced shifted approximations of (1.2), (1.13), (1.14), (1.15) have an order 2 − α and a second order accuracy at the optimal shift values. The induced shifted Grünwald formula approximation has a second order accuracy for an arbitrary shift value and a third order accuracy at the optimal shift value. In the special case when the shift value is equal to zero the induced Grünwald formula approximation is a second order approximation of the Caputo derivative for all functions
2 Approximation for the Caputo derivative of order 4-α Approximation (1.13) is constructed in [9] and it is related to the trapezoidal approximation for the fractional integral in the definition of the Caputo derivative (1.1). The absolute value of the coefficient C 13 (α) of the term of order 2 − α in the expansion formula of approximation (1.13) is greater than the absolute value of the coefficient C 2 (α) of the L1 approximation. In this section we use the Fourier transform and (1.12) to derive approximations (1.15) and (1.16) for the Caputo derivative, and their expansion formulas of order 4 − α, which are related to the the midpoint approximation of the fractional integral in the definition of the Caputo derivative. The absolute value of the coefficient C 15 (α) of the term of order 2 − α in the expansion formula of approximation (1.15) is smaller than |C 2 (α)|. From the midpoint approximation for the fractional integral in the definition of the Caputo derivative:
Now we use Fourier transform and (1.12) to obtain the asymptotic expansion formula of approximation (2.19) of order 4 − α. Denote
By applying Fourier transform to (2.20) :
The exponential function satisfies
has a fourth-order series expansion
From (1.12) and (2.23) we obtain
From (2.22) and (2.24):
By applying inverse Fourier transform to (2.25) we obtain the asymptotic expansion formula of order 4 − α
where (2.26) and the properties of the inverse Fourier transform we obtain the asymptotic expansion formula of approximation (2.27) for the Caputo derivative.
Approximation (2.27) has an accuracy O(h 1−α ) and satisfies A (α)
The numerical results for the error and the order of numerical solution NS1(2.27) of two-term equation (1.5) and α = 0.25, equation (1.6) and α = 0.5 and equation (1.7) with α = 0.75 are presented in Table  2 .
Higher order approximations of the Caputo derivative
Approximation (2.27) of the Caputo derivative has an order 1 − α and an expansion formula (2.28) of order 4 − α. In this section section we use (2.28) to obtain approximations of order 2 − α and two.
Approximation for the Caputo derivative of order 2-α
By approximating y ′ n in (2.28) with first order backward difference
we obtain the approximation for the Caputo derivative
where ω
Approximation (3.29) has an order 2 − α when the function y ∈ C 2 [0, t n ] and y(0) = y ′ (0) = 0, and satisfies A (α)
= 0. Now we apply a modification of the last two weights of approximation (3.29) in order to extend it to all functions of the class C 2 [0, t n ]. Denote
.
Proof.
The Caputo derivative of the function y(t) = t satisfies
The goal of the modification procedure is to ensure that the modified approximation satisfies
Properties (ii) in (1.3) of the L1 approximation are equivalent to (3.33 ). An approximation of the Caputo derivative which satisfies (3.33) has an order 2 − α for small n. Let
The function z(t) = y(t) − y(0) − y ′ (0)t satisfies z(0) = z ′ (0) = 0 and
By substituting hy
The weights σ n are modified as
Approximation (3.34) has an order 2 − α for all functions y ∈ C 2 [0, t n ]. The numerical results for the error and order of numerical solution NS1(3.34) of two-term equation (1.5) and α = 0.25, equation (1.6) and α = 0.5 and equation (1.7) with α = 0.75 are presented in Table 3 .
Second order approximation of the Caputo derivative
By approximating y ′ n and y ′′ n in (2.28) with
, we obtain the approximation for the Caputo derivative
Approximation (3.35) has an accuracy O h 2 when y(0) = y ′ (0) = 0 and a second order accuracy for all function y ∈ C 2 [0, t n ] when the last two weights are defined as 
Numerical solution of the fractional subdiffusion equation
The analytical and the numerical solutions of the fractional diffusion equation are studied in [2, 6, 16, 17, 18, 23, 22, 24, 26, 27, 29, 35, 36, 38, 39] . In this section we use approximation (1.15) of the Caputo derivative to construct a finite difference scheme for the fractional subdiffusion equation 
Denote by u m n = u(nh, mτ ) and F m n = F (nh, mτ ) the values of the functions u(x, t) and F (x, t) on the grid J . By approximating the Caputo derivative in the time direction with (1.15) and the second derivative in the space direction with a second order central difference we obtain
Let K be a tridiagonal matrix of dimension N − 1 with values σ 
where R 1 and R 2 are the column vectors of dimension N − 1
The second order numerical solution of the fractional subdiffusion equation on the first layer of the grid J is computed with the approximation [7] 
The numerical solution on the first layer of the grid J satisfies the system of equations
The fractional subdiffusion equations
39) and
have the solutions u(x, t) = e x+t and u(x, t) = sin(πx)E α (−t α ). The numerical results for the error and order of numerical solution (4.37) of the fractional subdiffusion equations (4.39) and (4.40) for α = 0.25, α = 0.5, α = 0.75 are presented in Table 5 and Table 6 . The solution of equation (4.40) has a singularity at t = 0, where its first partial derivatives are unbounded. Numerical solution (4.37) of equation (4.40) has a first order accuracy (Table 6). A numerical analysis of the finite difference scheme which uses the L1 approximation for the Caputo derivative is given by Jin, Lazarov and Zhou in [18] . The Miller-Ross sequential derivative for the Caputo fractional derivative of order nα is defined as
When the function y(t) is differentiable in the sense of the definition of a Miller-Ross derivative its fractional Taylor polynomials (polyfractonomials) at the initial point of fractional differentiation t = 0 are defined as:
Now we compute the Taylor polyfractonomials of the solution of the fractional subdiffusion equation and we apply the method from [11] for transforming equation (4.40) into a fractional diffusion equation whose solution belongs to the class
t u(x, t) the MillerRoss derivative of order β of the solution u(x, t) in the time direction. From equation (4.40)
∂x 2 . By applying fractional differentiation of order α we obtain
∂ 6 u(x, t) ∂x 6 . By induction we obtain
The solution of equation (4.40) has Taylor polyfractonomials in time
and is a solution of the fractional subdiffusion equation Table 7 . In Theorem 4 we establish the convergence of numerical solution 
Proof. Let S m = m k=1 1/k α . From the formula for sum of powers
The numbers S m satisfy
From Claim 4:
The maximum (infinity) norm of the vector V = (v i ) and the square matrix L = (l ij ) of dimension N − 1 are defined as
The matrix K is a diagonally dominant tridiagonal matrix with positive elements on the main diagonal and negative elements on the diagonals below and above the main diagonal. The matrix K −1 is a positive matrix. From the Ahlberg-Nilson-Varah bound [1, 34]
Let e m n = u m n − U m n be the error of numerical solution (4.37). The error vector E m = (e m n ) on the m-th layer of the grid J satisfies the system of equations
where R m = (r m n ) is an N − 1 dimensional column vector with elements
and A m n τ 2−α + B m n h 2 is the truncation error at the point (nh, mτ ).
Theorem 4. The error of (4.37) on the m-th layer of J satisfies
Proof. Induction on m. Let A be large enough, such that |A m n | < A and |B m n | < A, for all m, n and (4.44) holds for m = 1 and m = 2. Suppose that (4.44) holds for all k ≤ m − 1:
From the induction assumption and (4.43)
The error on the m-th layer of the grid J satisfies E m = K −1 R m and
From (4.44) the error of numerical solution (4.37) of the fractional subdiffusion equation on the grid J satisfies
for all m = 1, 2, · · · , M .
Approximations for the beta function and the Caputo derivative of the power function
In this section we obtain the expansion formula of the Riemann sum approximation of the beta function. The expansion formula is used to find the first term of the left endpoint expansions of approximations (1.2), (1.13), (1.14) and (1.15) of the Caputo derivative of the power function. The Riemann sum approximation of the fractional integral has an asymptotic expansion formula
The right endpoint expansion formula is obtained from the expansion formula (1.12) of the polylogarithm function Li 1−α e iwh . In the special case α = 1 asymptotic expansion formula (5.45) is the Euler-Mclaurin formula.
Riemann sum approximation of the beta function
The beta function is defined as
From (5.46) with α := α + 1, β := β + 1 and x := tx we obtain
where α > −1, β > −1. Let y(x) = x β , z(x) = (t − x) α . The derivatives of the functions y(x) and z(x) satisfy
The Riemann sum approximation of (5.47) satisfies
From (5.45) with β := β + 1, the left endpoint expansion L 0 (h) satisfies
From (5.45) with α := α + 1, the right endpoint expansion R t (h) satisfies
Hence
From (5.48) with t = t n = nh we obtain the asymptotic expansion formula
The values of the zeta function at the negative integers satisfy
From (5.49) with β = 0, α := −α we obtain the formula for sum of powers
Approximations for Caputo derivative of the power function
The power function y(t) = t β has a Caputo derivative
where β > 0. In this section we show that the first term of the left endpoint expansions of approximations (1.2), (1.13), (1.14), (1.15) of the Caputo derivative of the power function is Ch 1+β , where C = ζ(−β)t −1−α /Γ(−α).
Claim 5. Let y(t) = t β . Then
Proof. From (5.48) with α := −1 − α we obtain
From (5.52) the Riemann sum approximation of the singular integral in (5.50) has an expansion formula of order 2 − α h
Set t = t n = nh:
From (5.51) and the substitution hy ′ n = y n − y n−1 + O(h 2 ) we obtain the expansion formula of order 2 − α of approximation (1.14) of the power function. The order of approximation(1.14) of t β is min{1 + β, 2 − α}, when 0 < α, β < 1. In Claim 6, Clam 7 and Claim 8 we show that the left endpoint expansion formulas of approximations (1.2), (1.13) and (1.15) of the Caputo derivative of the power function have the same first term of order 1 + β.
approximation of the power function is expressed with z(x) as
From (5.45) with α = 1 + β the left endpoint expansion of (5.54) satisfies
From second order central difference approximation
Therefore the first term of the left endpoint expansion of the L1 approximation of the power function is ζ(−β)t −1−α h 1+β /Γ(−α).
From (5.53) with β = α the L1 approximation of the Caputo derivative of the power function t α has an order 1 + α when 0 < α ≤ 0.5, and an order 2 − α when 0.5 < α < 1. The L1 approximation of the Caputo derivative of t α has an accuracy O (h α ) when n is small. Approximations (1.13), (1.14) and (1.15) of the Caputo derivative of t α have the same order.
Claim 7. Let y(t) = t β . Then
The proofs of Claim 8 and Claim 9 are similar to the proof of Claim 7.
In section 6 we show that the first term of the left endpoint expansion of the Grünwald formula approximation of the Caputo derivative ot the power function t β is also ζ(−β)t −1−α h 1+β /Γ(−α).
Induced shifted approximations of the Caputo derivative
In this section we use the method from [10] to obtain the second order induced shifted approximation of the Caputo derivative of the Grünwald formula and the induced shifted approximations of (1.2), (1.13), (1.14), (1.15) of order 2 − α. At the optimal shift values the approximations have a third order and a second order accuracy respectively. The construction of the induced shifted approximations is based on Lemma 9 and Lemma 10. Denote by G
(α)
n [y(t)] the Grünwald formula approximation
Proof. The Grünwald formula approximation of the Caputo derivative has a first order accuracy
The function y(t) satisfies y(0) = y ′ (0) = 0 and
n [y(t)] be an approximation of the Caputo derivative of order 2 − α.
Lemma 10. Let y(0) = y ′ (0) = 0 and
The proof of Lemma 10 is similar to the proof of Lemma 9.
Shifted Grünwald formula approximations
n [y(t)] is a second order shifted approximation of the Caputo derivative with a shift parameter s.
The weights g
Shifted approximation (6.56) has a second order accuracy when y ∈ C 2 [0, t n ] and satisfies y(0) = y ′ (0) = 0. When the shift parameter s = α/2 approximation (6.56) is the shifted Grünwald formula and when s = 0, approximation (6.56) is a second order approximation of the Caputo derivative (1.18).
In [10] we construct a modification of the Grünwald formula approximation which has a second order accuracy for all functions in the class C 2 [0, t n ]. Now we apply the method from [10] for modifying the last two weights of approximation (6.56). The modified shifted approximation has a second order accuracy for all functions of the class C 2 [0, t n ] and satisfies
Let y(t) = y 0 + y ′ 0 t + z(t). The function z(t) satisfies z(0) = z ′ (0) = 0 and
The Caputo derivatives of the functions y(t) and z(t) are related as
The number W 1 N satisfies the asymptotic estimate W 1 N = O(h 1+α ). The proof is similar to the proof of Lemma 2 in [10] . By approximating y ′ 0 in (6.57) by a first order backward difference hy ′ 0 = y 1 − y 0 + O(h 2 ) we obtain the second order shifted approximation
The binomial coefficients satisfy the identities [26] N −1
Now we obtain a formula for W 1 N .
From (6.60) and t = N h:
2α .
From (6.59)
From (6.58), (6.60), (6.61) we obtain the the formulas for the weights γ N and the second order approximation of the Caputo derivative
Shifted approximation (6.62) has a second order accuracy for all functions y ∈ C 2 [0, t n ]. Now we obtain the optimal value of the shift parameter, where approximation (6.62) has a third order accuracy. The Grünwald formula approximation G (α)
n [y(t)] has a third order expansion
and G (1+α) n [y(t)] has a second order expansion formula
Approximation (6.62) satisfies
Shifted approximation (6.62) has a third order accuracy when the coefficient of the second order term of the expansion formula is zero.
The optimal shift value of (6.62) is
Shifted approximation (6.62) has a third order accuracy when s = S 1 (α). The first term of the left endpoint expansion of approximations (1.2), (1.13), (1.14) and (1.15) of the Caputo derivative of the power function is ζ(−β)t −α−1 h 1+β /Γ(−α). Now we show that the left endpoint expansion of the shifted Grünwald formula approximation has the same first term of order 1 + β. The weights of the Grünwald formula approximation have asymptotic expansions [14, 33] w (α)
Let y(t) = t β and 0 < β < 1. The first term of the left endpoint expansion of the Grünwald formula is equal to the first term of the left endpoint expansion of the formula which has weights the first term of the expansion formula (6.63) of w
The proof is similar to the proof of Lemma 9. From expansion formula (5.48) with α = β, β = −α − 1 the first term of the left endpoint expansion of (6.64) is ζ(−β)t −α−1 h β+1 /Γ(−α). The Grünwald formula approximation of the power function has a second order expansion when 0 < β < 1.
(6.66)
By substituting t = nh in (6.65) we obtain the expansion formula
Numerical solutions of the two-term and three-term FDEs
The analytical and the numerical solutions of the two-term and the threeterm equations are studied in [4, 5, 6, 7, 8, 10, 20, 26, 40] . Let
be a shifted approximation for the Caputo derivative of order β(α) ≤ 3. In the paper β(α) = 2 − α, 2, 3. We derive the numerical solution of the two term equation of order min{β(2α), 3} and the numerical solution of the three-term equation of order min{β(2α), 2}, which use shifted approximation (**) of the Caputo derivative.
Two-term equation
Let h = 1/N , where N is a positive integer. By approximating the Caputo derivative of equation (6.67) at the point t n−s = (n−s)h with (**) we obtain
In [6] we showed that
The numerical solution {u n } N n=0 of equation (6.67) is computed as
In [7] we showed thatȳ
is a second order approximation for the value of the solution y(h). Numerical solution NS2(**) of equation (6.67) has second order initial conditions are u 0 = y 0 , u 1 =ȳ 1 . When the solution of the two-term equation satisfies y(0) = y ′ (0) = y ′′ (0) = 0, numerical solution NS2(**) has third order initial conditions u 0 = u 1 = 0. The two-term equation
has the solution y(t) = E α (−t α ), which has a singularity at the initial point t = 0. The Grünwald formula and approximations (1.2), (1.13), (1.14) and (1.15) of the Caputo derivative of the power function t α have an accuracy O (h α ) for small n. The numerical solution of the two-term equation (6.68) has an accuracy O (h α ) [11, 18] . Now we use the method from [11] for transforming equation (6.68) into a two-term equation which has a smooth solution. The Miller-Ross derivatives of the solution of equation (6.68) satisfy:
The function z(t) has a Caputo derivative of order α
and satisfies the two-term equation 
Three-term equation
In [11] we study the numerical solutions of the three-term equation which use approximation (1.9) of the Caputo derivative. The numerical solution of three-term equation (6.70), which uses the second order WSGL approximation is studied in [40] . The analytical solution of equation (6.70) has a fractional Taylor series expansion
Compare the smallest power of t in y(t), y (α) (t) and y (2α) (t). The smallest power is t −α of the term y (2α) (0)t −α /Γ(1−α), which is the Caputo derivative of order 2α of y (α) (0)t α /Γ(α + 1). Therefore the Caputo derivative of the solution of three-term equation (6.70) satisfies y (α) (0) = 0. The Caputo and Miller-Ross derivatives satisfy [11] :
Three-term equation (6.70) is formulated with the Miller-Ross fractional derivative as
Formulation (6.71) of three-term equation (6.70) has the advantage that 0 < α < 1 as well as it has two independent initial conditions [11] . Now we derive the analytical solution of three-term equation (6.71). By applying fractional differentiation of order α we obtain
Denote a n = y [nα] (0). The numbers a n satisfy 2a n+1 + 3a n + a n−1 = 0, a 0 = 1, a 1 = 0. (6.72)
Recurrence relations (6.72) have a characteristic equation 2r 2 + 3r + 1 = 0, which has the solutions r 1 = −1/2, r 2 = −1. Hence
where the coefficients c 0 and c 1 satisfy the system of equations
Therefore c 0 = 2, c 1 = −1 and a n = 2 (−1/2) n − (−1) n . The solution of three-term equation (6.71) satisfies
Now we transform equation (6.71) into a three-term FDE, which has a smooth solution. Substitute
The function z satisfies z(0) = z (α) (0) = 0, when m > 1 and
a n+2 t nα Γ(αn + 1) .
The Caputo and Miller-Ross derivatives of the function z(t) are equal and the function z(t) satisfies the three-term FDE
,
Now we obtain the numerical solution of three-term equation (6.73), which uses approximation (**) of the Caputo derivative. By approximating the Caputo derivative at t n−s with (**) we obtain
The numerical solution {u n } N n=0 of three-term equation (6.73) satisfies
The numerical solution of (6.73) is computed with
. Table  8 .
Shifted approximations of order 2-α
Approximations (1.2),(1.13), (1.14), (1.15) of the Caputo derivative satisfy the conditions of Lemma 10. Now we use the method from Lemma 10 to construct their induced shifted approximations. The induced shifted approximations have an order 2 − α and a second order accuracy at their optimal shift values. In [9] we derive the expansion formula of order 4 − α of approximation (1.14):
By substituting α := α + 1 in (6.74) we obtain
The gamma function satisfies 1/Γ(−α − 1) = −(α + 1)/Γ(−α). Hence
where w
. From (6.75) and
we obtain
Substitute hy ′ n = y n − y n−1 + h 2 y ′′ n /2 + O(h 3 ) in (6.76),
Approximation (1.14) has an induced shifted approximation:
1 = 1 + (α + 1)s − ζ(α) − (α + 1)sζ(α + 1), Shifted approximation (6.78) has an order 2 − α when the function y(t) satisfies the condition y(0) = y ′ (0) = 0. Approximation (6.78) has a second order accuracy when the coefficient of the term of order 2 − α in expansion formula (6.77) is equal to zero.
The numerical results for the error and order of numerical solution NS2(6.78) of two-term equation ( Table 9 .
The L1 approximation has a second order expansion formula
and A (1+α) n [y(t)] has an expansion of order 2 − α
The L1 approximation has an induced shifted approximation:
The optimal shift value of (6.79), where the approximation has a second order accuracy is
. Table 10 . Using the method from Lemma 10, we obtain the induced shifted approximations of the Caputo derivative of approximations (1.13) and (1.15). 
for 2 ≤ k ≤ n. Shifted approximation (6.80) has an optimal shift value
for 2 ≤ k ≤ n. Approximation (6.81) has an optimal shift value
. Table 11 and Table 12 .
Conclusions
In the present paper we derive approximations of the Caputo derivative and their asymptotic expansions related to the midpoint approximation of the integral in the definition of the Caputo derivative. The L1 approximation and approximation (1.15) of the Caputo derivative have an order 2 − α and properties (1.3) of the weights. According to the experimental results presented in the paper and the results from additional experiments with standard FDEs, approximation (1.15) has the advantage that the numerical solutions using (1.15) have smaller errors, which is explained with the smaller coefficient of the term of order 2 − α in the expansion formula and the smaller truncation error of the approximation. In section 6 we derive the induced shifted approximations, and their optimal shift values, of the Grunwald formula and the approximations of the Caputo derivative studied in the paper. A question for future work is to derive higher order shifted approximations of the Caputo derivative and to apply the approximations for numerical solution of ordinary and partial fractional differential equations.
Experimental results
The results of the numerical experiments are presented in Tables 1-12 . 
